Abstract. The aim of the article is to provide a characterization of the Haagerup property for locally compact, second countable groups in terms of actions on σ-finite measure spaces.
Introduction
Throughout this article, G denotes a locally compact, second countable group; we assume furthermore that it is non-compact because the compact case is not relevant to the Haagerup property [3] which is the central theme of these notes.
Recall that the latter property is often interpreted as a weak form of amenability or as a strong negation of Kazhdan's property (T), depending on the context. Indeed, concerning the former, recall that G has the Haagerup property if and only if there exists a sequence of normalized, positive definite functions pϕ n q ně1 on G such that ϕ n tends to the constant function 1 uniformly on compact subsets of G as n Ñ 8, and each ϕ n P C 0 pGq, i.e. ϕ n Ñ 0 at infinity. In turn, G is amenable if and only if each ϕ n can be chosen with compact support.
Among other characterizations of the Haagerup property, we recall the one stated in Theorem 2.2.2 of [3] : there exists a standard probability space pS, B S , νq on which G acts by Borel automorphisms, ν is G-invariant and pS, B S , νq has the following additional two properties:
(a) the action of G on S is strongly mixing, which means that for all A, B P B S , lim gÑ8 νpgA X Bq " νpAqνpBq;
(b) there exists a sequence pA n q ně1 Ă B S such that νpA n q " 1{2 for every n and such that, for every compact set K Ă G,
νpgA n △ A n q " 0.
By Lemma 1.3 of [1] , we assume furthermore that S is a compact metric space on which G acts continuously, and ν has support S. We will use it to get a new equivalent condition using actions on measure spaces, but with a completely different paradigm (compare for instance condition (a) above and condition (3) in Theorem 1.1 below). For instance, a strongly mixing action as above is ergodic,
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: , PAUL JOLISSAINT ; , ALEXANDRE ZUMBRUNNEN ; but, in general, the actions that will be studied are not ergodic in general. See Remark 1.5 below.
Thus, the article is entirely devoted to the proof of the following theorem. (1) the measure µ is σ-finite and G-invariant; (2) the permutation unitary representation π Ω on L 2 pΩ, µq which is associated to the action of G is strongly continuous; (3) for all measurable sets A, B P B such that 0 ă µpAq, µpBq ă 8, we have lim gÑ8 µpgA X Bq " 0; in other words, π Ω is a C 0 -representation; (4) there exists a sequence of unit vectors pξ n q Ă L 2 pΩ, µq such that, for every compact set K Ă G, one has lim nÑ8 sup gPK xπ Ω pgqξ n |ξ n y " 1;
in other words, the dynamical system pΩ, B, µ, Gq has an invariant mean.
As already written above, our construction of the measure space pΩ, µq rests on Theorem 2.2.2 of [3] . Remark 1.2. Assume that G admits a dynamical system pΩ, B, µ, Gq as in Theorem 1.1. Then, by Theorem 2.1.1 of [3] , it has the Haagerup property since the representation π Ω is a C 0 -representation (in the sense that all coefficients of π Ω are C 0 -functions on G) which weakly contains the trivial representation. Thus, the main part of the article is devoted to prove the converse in the next section.
For the converse, as mentioned above, our construction of the measure space pΩ, µq rests on Theorem 2.2.2 of [3] . The proof uses elementary measure theory (see [2] on this subject). However, this proof is quite long and involved. Let us give a sketch of it: we start with the infinite product space X " ś ně1 S equipped with the diagonal action of G and with a suitable family F of subsets containing all sets of the form B " ś n B n such that the infinite product ś n 2νpB n q converges, where B n P B S for every n. We construct a measure µ on σpF q, the σ-algebra generated by F , that satisfies µpBq " ś n 2νpB n q for every B as above. One of the reasons of the choices of such sets and measure µ is that one can extract from the family pA n q in condition (b) on page 1 a sequence pC m q m Ă F so that the associated sequence of unit vectors ξ m " χ Cm satisfies condition (4) of Theorem 1.1. They are unit vectors since νpA n q " 1{2 for every n.
In order to prove that condition (3) holds, consider two subsets A " ś n A n and B " ś n B n such that the infinite products ś n 2νpA n q and ś n 2νpB n q converge. Given ε ą 0, choose first N large enough so that νpA n q, νpB n q P p1{2´ε, 1{2`εq for every n ě N . Then, using the strong mixing property of the action of G on S (condition (a) on page 1), we choose a suitable positive number ε 1 ą 0, an integer m ą 0, and a compact set K Ă G such that, for every g R K, νpgA n X B n q ď νpA n qνpB n q`ε 1 for all N ď n ď N`m and
belong to some interval p0, δq for a convenient value of δ ă 1 because of the choices of ε 1 and m.
For brevity and future use, let us introduce the following definition. Definition 1.3. Let pΩ, B, µq be a measure space on which a lcsc group G acts by Borel automorphisms which preserve µ. Then we say that the corresponding dynamical system pΩ, B, µ, Gq is a C 0 -dynamical system if, for all A, B P B such that 0 ă µpAq, µpBq ă 8, one has lim gÑ8 µpgA X Bq " 0.
We end this section with a brief discussion of dynamical systems pΩ, B, µ, Gq where Ω is a locally compact topological space. In this case, a sufficient condition to be a C 0 -dynamical system is that the action be proper, which means that, for all compact subsets K, L of Ω, the set SpG, K, Lq :" tg P G : gK X L " Hu is relatively compact.
A typical example of a proper action is left multiplication of G on itself. However, in this case, L 8 pGq has an invariant mean if and only if G is amenable. But, for proper actions, the converse is true. This shows that, in order to prove Theorem 1.1, one cannot consider proper actions of G when G is not amenable. Proposition 1.4. Let G be a lcsc group and let Ω be a locally compact space on which G acts properly and which admits a G-invariant, σ-finite regular measure µ. If L 8 pΩq has an invariant mean, then G is amenable.
Proof. The existence of an invariant mean on L 8 pΩq implies that, for every compact set L Ă G and every ε ą 0, there exists a continuous function ξ with compact support, such that }ξ} 2 " 1 and
As the action is proper and ξ has compact support, the coefficient function ϕ " xπ Ω p¨qξ|ξy has compact support, and the constant function 1 is a uniform limit on compact sets of compactly supported positive definite functions, which means that G is amenable.R emark 1.5. Let pΩ, B, µ, Gq be a C 0 -dynamical system as above. Then, contrary to the case of strongly mixing probability preserving systems, the action of G is not ergodic in general. Indeed, let Z act by translations on R equipped with Lebesgue measure µ. Then
is Z-invariant and µpAq " µpA c q " 8. The action is C 0 since it is proper, as it is the restriction to Z of the action of R on itself.
Proof of Theorem 1.1
The aim of the present section is to prove the existence of a dynamical system pΩ, B, µ, Gq as in Theorem 1.1. We restate it here for convenience. xπ Ω pgqξ n |ξ n y " 1
i.e. the dynamical system pΩ, B, µ, Gq has an invariant mean.
We observed in Remark 1.2 that the existence of such a G-space pΩ, B, µq is sufficient. Thus in the rest of the present section, we assume that G has the Haagerup property, and we will prove the existence of a measure space pΩ, B, µq which has all properties above.
In order to construct the measure space pΩ, µq, we use Theorem 2.2.2 of [3] and Lemma 1.3 of [1] : let pS, B S , νq be a compact metric space equipped with a probability measure ν whose support is S, and G acts continously on S and preserves ν. Moreover, the dynamical system pS, B S , ν, Gq has the additional properties (a) and (b) of Section 1.
Then, as a first step, put X " ś ně1 S " tps n q ně1 : s n P S @ nu. We equip X with the family of subsets F 0 which is formed by all sets A Ă X of the form A " ś ně1 A n where A n P B S for all n such that the infinite product ś 8 n"1 2νpA n q exists, i.e. the limit of the sequence of partial products p ś N n"1 2νpA nN ě1 converges in r0, 8q
Lemma 2.2. With the above notation, for all
Proof. Let then A, B P F 0 . Let us write A " ś n A n and B " ś n B n as above. Then νpA n X B n q ď minpνpA n q, νpB nfor every n. If there exists an integer n such that minpνpA n q, νpB n" 0, then the product ś 8 n"1 2νpA n X B n q converges trivially, and A X B P F 0 . Suppose then that νpA n q ą 0 for every n, and consider the product of conditional probabilities
1 Recall that an infinite product ś n un of complex numbers converges if lim NÑ8 ś N n"1 un exists and is different from 0, and it converges trivially if the limit equals 0.
As 0 ď νpB n |A n q ď 1 for every n, one has 0 ď a N`1 ď a N ď 1 for every N , and the bounded, decreasing sequence pa N q N ě1 converges, say, to a P r0, 1s. Then the sequence
2νpA n q converges to a¨ś 8 n"1 2νpA n q.N ext, we define a sequence of collections of subsets pF n q ně1 of X by induction as follows: for n ě 1, set F n " tBzA : A, B P F n´1 u. As H P F 0 , one has F n Ă F n`1 for every n. One sets finally
In particular, the set of all finite, disjoint unions of elements of F is a ring of subsets of X. It is the ring generated by F and is denoted by
Proof. (i) We prove by induction on n ě 0 that for all A, B P F n , one has A X B P F . The claim is true for n " 0 by Lemma 2.2. Thus let us assume that the claim is true for n ě 0, and let A, B P F n`1 . Then there exist A 1 , A 2 , B 1 , B 2 P F n such that A " A 1 zA 2 and B " B 1 zB 2 . Then by induction hypothesis, there exists m ě n such that A 1 X B 1 P F m . As
(ii) follows readily from the definitions and (iii) is established by induction on n.F or future use, put
The next step consists in defining a suitable measure µ on the σ-algebra σpF q " σpF 0 q generated by F (or equivalently by F 0 ).
In order to do that, we associate to every element B " ś n B n P F 0,`t he probability measure P B on the σ-algebra C X generated by all cylinder subsets of ś n C n in X " ś n S. We observe for future use that F 0 Ă C X , hence that σpF q Ă C X as well.
Then P B is the product probability measure b n ν n,B where ν n,B pEq :" νpE X B n q νpB n q " νpE|B n q for every Borel set E Ă X and for every n. As is well known, if C " ś n C n with C n Ă X Borel for every n, then P B pCq " ś 8 n"1 ν n,B pC n q because C "
where C pN q " C 1ˆC2ˆ¨¨¨ˆCNˆXˆXˆ¨¨¨a nd P B pC pN" ś N n"1 ν n,B pC n q for all N .
We define now a premeasure µ on F . : , PAUL JOLISSAINT ; , ALEXANDRE ZUMBRUNNEN ; Definition 2.4. For A P F 0 , A " ś n A n , set µpAq :"
We need to check that µ is well defined.
Proof. (i) If B and C are as above, then
(ii) Observe first that if B, C P F 0,`a re such that µpBq " µpCq " 0, then Equality (2.1) holds trivially. By (i), it also holds if µpBqµpCq " 0. Thus, it remains to prove that (2.1) holds when A Ă B X C with B, C P F 0,`a nd µpBqµpCq ą 0. We assume first that A " ś n A n P F 0 ; then
Similarly, we get P C pAqµpCq " µpAq.
In the last part of the proof, we fix B, C P F 0,`s uch that µpBqµpCq ą 0, and we define two measures µ pBq and µ pCq on the σ-algebra C X (which contains σpF q) by µ pBq pEq :" P B pB X EqµpBq @ E P C X and similarly for µ pCq . Then µ pBq pXq " P B pBqµpBq " µpBq ă 8 (resp. µ pCq pXq " µpCq) so that they are both finite measures on C X . Set A :" tA P σpF q : µ pBq pA X B X Cq " µ pCq pA X B X Cqu. Then the second part shows that F 0 Ă A, and in particular, since B X C P F 0 , one has that µ pBq pB X Cq " µ pCq pB X Cq, which implies that X P A. Let us check that if A P A, then A c P A: indeed, as B X C " pA c X B X Cq \ pA X B X Cq,
Finally, it is straightforward to check that A is a monotone class. It implies that it is a σ-algebra which contains F 0 , hence A " σpF q.A s a consequence of Lemma 2.5 and Caratheodory's theorem, we have:
Theorem 2.6. The premeasure µ : F Ñ R`is σ-additive and thus it extends to a measure still denoted by µ on the σ-algebra σpF q. However, µ is not σ-finite; in particular, it is infinite.
Proof. Let pA pkkě1 Ă F be a sequence of pairwise disjoint sets such that A :" Ů kě1 A pkq still belongs to F . Choose B P F 0 such that A Ă B. Then, as A pkq Ă B for every k, if µpBq " 0, one has, by Lemma 2.5, µpA pk" µpAq " 0 for every k. If µpBq ą 0, one has
since P B is σ-additive. Thus, by Caratheodory's theorem (see for instance Theorem 11.1 of [2] ), µ extends to a measure still denoted by µ on σpF q. In order to prove that µ is not σ-finite, let us choose A P B S such that νpAq " 1{2, and set A 0 " A and A 1 " A c . Next, for every sequence ε :" pε n q ně1 Ă t0, 1u N˚" : E, set A ε :" ś n A εn P F 0 . Then µpA ε q " 1 for every ε P E and A ε X A ε 1 " H for all ε " ε 1 . If µ was σ-finite, then E would be countable: indeed, there would exist an increasing sequence X 1 Ă X 2 Ă . . . Ă X such that Ť k X k " X and µpX k q ă 8 for every k. Then, for k ě 2, set E k " tε P E : µpX k X A ε q ě 1{2u. Then |E k | ď 2µpX k q is finite. As lim kÑ8 µpX k X A ε q " µpA ε q " 1 for every ε, it follows that E " Ť k E k would be countable, which is not the case.L et us now consider the diagonal action of G on pX, σpF q, µq, i.e. g¨ps n q ně1 " pgs n q ně1 for g P G and ps n q ně1 P X " ś n S.
Lemma 2.7. The action of G on X defined above is measurable. In particular, G acts by Borel automorphisms on pX, σpF q, µq and it preserves µ.
Proof. Let α : GˆX Ñ X be defined by αpg, px n q ně1 q " pgx n q ně1 . To prove that α is measurable, it is sufficient to see that the preimage of any element of F 0 is measurable. Let A P F 0 with A " ź ně1 A n . For m ě 1, we define a permutation function α´1pAq " tpg, px n q ně1 q : αppg, px n q ně1P Au " tpg, px n q ně1 q : pgx n q ně1 P Au " tpg, px n q ně1 q : gx n P A n @n ě 1u " č kě1 tpg, px n q ně1 q : gx k P A k u .
For fixed k, since the action γ : GˆS Ñ S given by γpg, sq " gs is continuous hence measurable, we have tpg, px n q ně1 q :
In particular, if B P σpF q and for g P G fixed, then
This ends the proof of the measurability of the action of G.
ś n gA n , and the equality µpgAq " µpAq holds since the action of G is diagonal and ν is preserved by the action of G on S.
If A P F , let B P F 0,`b e such that A Ă B, so that µpAq " P B pAqµpBq, according to Definition 2.4. Then gA Ă gB so that µpgAq " P gB pgAqµpgBq " P B pAqµpBq " µpAq for the following reason: For every cylinder set C " C 1ˆ¨¨¨ˆCNˆSˆ¨¨¨P C X , one has
This equality holds first for every element of the algebra generated by cylinder sets, hence for every element C P C X by uniqueness of probability measures which coincide on given algebras of sets. In particular, one has µpgAq " µpAq for every A P F , hence in the algebra RpF q. Next, the construction of the extension of µ to σpF q is given by
for every E P σpF q. Thus, if g P G is fixed, one has
because the ring RpF q is G-invariant and every countable covering of E P σpF q in the definition of µpEq above can be taken of the form
with pB m q Ă RpF q by G-invariance of RpF q.W e are now ready to prove the first part of Theorem 1.1, namely the existence of a C 0 -dynamical system with almost invariant vectors. The strong continuity of the associated permutation representation and the existence of a σ-finite measure are postponed to the end of this section.
Proof of Theorem 1.1, Part 1. We prove first that pX, σpF q, µq is a C 0 -dynamical system, namely, that for all A, B P σpF q such that 0 ă µpAq, µpBq ă 8,
Assume first that A, B P F 0 , and write A " ś n A n and ś n B n , so that µpAq " ź ně1 2νpA n q and µpBq " ź ně1 2νpB n q.
Let ε ą 0 be fixed and take ε 1 ą 0 small enough in order that δ :" . The action of G on pS, νq being strongly mixing, there exist compact sets K n Ă G for all n P tN, . . . , N`mu such that |νpgA n X B n q´νpA n qνpB n q| ď ε 1 @g P GzK n .
K n which is compact. Then we have for all g P GzK:
Thus we have lim
The same claim holds for A, B P F since there exist C, D P F 0 such that A Ă C and B Ă D and µpgA X Bq ď µpgC X Dq Ñ 0 as g Ñ 8. Moreover, Equality (2.2) also holds for all elements of the ring RpF q.
Finally, if A, B P σpF q are such that 0 ă µpAq, µpBq ă 8, by construction of the measure µ on σpF q, if ε ą 0 is given, there exist two sequences pC k q kě1 , pD ℓ q ℓě1 Ă RpF q such that Choose first N large enough so that ř ℓąN µpD ℓ q ă ε{3. Then, as
we get
Choose next M large enough so that ř kąM µpC k q ă ε{3N . Then, as
or every 1 ď ℓ ď N , and since µ is G-invariant, we get
for every g P G. By the first part of the proof, there exists a compact set K Ă G such that µpgA X Bq ă ε @g P GzK.
This ends the first step of the proof of Theorem 1.1.
In the second step, we show the existence of a sequence of unit vectors pξ n q P L 2 pX, σpF q, µq as in the second part of Theorem 1.1. The probability standard space pS, νq contains an asymptotically invariant sequence pA n q ně1 Ă B S such that νpA n q " 1 2 for all n, and for every compact set K Ă G,
Since G is a locally compact, second countable group, we choose an increasing sequence of compact sets pK n q ně1 Ă G such that G " ď ně1 K n and such that for every compact set K Ă G, there exists m ě 1 such that K Ă K m . Consequently, by (2.3), for all m, k ě 1 there exists an integer n k,m such thaťˇˇˇν
Then we set for all m
By construction, }ξ m } 2 " 1 for all m. Now let K be a compact subset of G; then for every integer m ě 1 such that K Ă K m , we have:
uniformly on K, where the first inequality follows from the Cauchy-Schwarz Inequality.
Remark 2.8. So far, we have proved all claims of Theorem 1.1 except continuity of the representation, and the existence of a σ-finite dynamical system. In the case where G is discrete, the latter claim is proved as follows: set
where X m " ś k A n k,m is the support of ξ m for every m. Then Ω P σpF q since G is countable, G-invariant and the restriction of µ to Ω is σ-finite. However, µpΩq "`8 since otherwise we would have, by the first part of the proof of Theorem 1.1:
µpΩq " µpgΩ X Ωq Ñ 0 as g Ñ 8, which is a contradiction.
Remark 2.9. We are very grateful to Alessandro Calderi and Alain Valette for having kindly communicated the present remark. The associated representation π X of G on L 2 pX, σpF q, µq is not continuous in general. Indeed, if it was continuous, then we would have lim gÑe xπ X pgqξ|ξy " }ξ} 2 2 for every element ξ P L 2 pX, µq, and in particular lim gÑe µpgB X Bq " 1 for every B P F 0 with µpBq " 1. Choose a Borel set A Ă S such that νpAq " 1{2, and set B " ś n A P F 0 . If g P G is such that νpgA △ Aq ą 0, we have µpgB X Bq " 0 since νpgA X Aq ă 1{2. If we can make g Ñ e, we have proved that π X is not continuous. It is the case for G " S " S 1 equipped with its normalized Lebesgue measure. We also observe that, in the case where G is countable, provided that we put X 0 " B " ś n A as above and we take Ω " Ť gPG Ť mě0 g¨X m , the unit vector χ B P L 2 pΩ, µq satisfies the following condition:
This means that the left regular representation of G is a subrepresentation of π Ω .
Remark 2.10. For t ą 0, let F t 0 be the set of subsets A of X " ś n S of the following form: A " ś n A n with A n P B S for every n and such that ś 8 n"1 tνpA n q converges in r0, 8q. Define a measure µ t as in Definition 2.4 first, and then on the σ-algebra σpF t q such that µ t pAq " ś n tνpA n q for every A as above. Then, for 0 ă t ă 1, one has ś n tνpSq " lim N Ñ8 t N " 0, thus µ t " 0. For t " 1, the family F 1 0 contains all cylinder sets A 1ˆ¨¨¨ANˆSˆSˆ¨¨¨, hence µ 1 " Â n ν. Finally, if t ą 1, then pX, σpF t q, µ t q admits an action of G which is σpF t q-measurable and which preserves µ t . One checks that µ t pgA X Bq Ñ 0 as g Ñ 8 for all A, B P σpF t q such that 0 ă µ t pAqµ t pBq ă 8, and, using the same arguments as in the proof of Lemma 2.1 of [4] , that there exists an asymptotically invariant sequence pA n q Ă B S such that νpA n q " 1{t for every n. Then Theorem 1.1 holds with F replaced by F t for every t ą 1. We observe that the case treated in Theorem 1.1 corresponds to the special case t " 2.
The rest of the present section is devoted to the end of the proof of Theorem 1.1, namely, we will first define a sub-family F c of F 0 so that, for every A P σpF c q, µpAq ă 8, we have lim gÑe µpgA △ Aq " 0, which implies the continuity of the permutation representation π X : G Ñ U pL 2 pX, σpF c q, µqq, and finally we will prove that we can restrict our dynamical system to get a σ-finite measure.
From now on, we fix an increasing sequence of compacts sets pK n q ně1 of G such that G " Ť ně1 K n and e PK 1 , so that K :" K 1 is a compact neighbourhood of e. Then we define the family F c of subsets A " ś n A n P F 0 such that
2νpgA n X A n q " 1 uniformly for g P K. As F c Ă F , we have σpF c q Ă σpF q.
We observe that the sequence p ś kě1 A n k,m q mě1 Ă F c , where the sequence is taken from Part 1 of the proof of Theorem 1.1 is associated to the compact set K above: indeed, we have proved that
Hence, we get
uniformly on K. This proves among others that the associated sequence of vectors pξ m q mě1 Ă L 2 pX, σpF c q, µq is an almost invariant sequence of unit vectors.
In order to see that F c is stable under finite intersections, we need the following elementary lemma.
Lemma 2.11. Let px k q kě1 , pa k q kě1 Ă R`be sequences such that
Proof. There exists N 0 so that x k ą 2{3 and 0 ď a k ă 1{2 for all k ě N 0 . This implies immediately that
for all k ě N 0 , and we get for all N ě N 0
Proof. Let A, B P F c where A " ś n A n and B " ś n B n . If A or B has measure zero, then µpA X Bq " 0 and A X B P F c . We assume that µpA X Bq ‰ 0. Thus, we have that the five sequences
converge to 1 uniformly on K as N Ñ 8. As νpA n q, νpB n q ‰ 0 for every n, we have
νpA n zgA n q 2νpA n X B n q´2 νpB n zgB n q 2νpA n X B n qU sing Lemma 2.11, we will show that
νpA n zgA n q 2νpA n X B n q´2 νpB n zgB n q 2νpA n X B n q˙"
1.
One has to check that
We prove (1) in detail; as the proof of (2) is similar, we will get p˚q. One has
νpB n zgB n q 2νpA n X B n q"
νpA n X B n q´2νpB n zgB n q 2νpB n q˙.
Moreover,
νpB n zgB n q 2νpB n q"
νpB n q´2νpB n zgB n q 2νpB n q"
As observed above, this ends the proof.I n order to end the proof of Theorem 1.1, namely continuity of the permutation representation, it suffices to prove that, for every A P σpF c q such that µpAq ă 8, one has lim gÑe µpgA △ Aq " 0.
We prove the assertion for elements of F c first.
Lemma 2.13. Let A P F c . Then lim gÑe µpgA △ Aq " 0.
Proof. If µpAq " 0, the claim is obvious. Thus assume that A " ś n A n and lim N Ñ8 8 ź n"N 2νpgA n X A n q " 1 uniformly on K. Let pg m q mě1 be a sequence in K which converges to e. As ś 8 n"N 2νpgA n X A n q Ñ 1 uniformly on K, there exists N 0 such that 8 ź n"N0`1 2νpg m A n X A n q 2νpA n q P`?1´ε, ? 1`ε˘@m.
As the representation of G on L 2 pS, νq is continuous, one has, for every fixed n, νpg m A n X A n q Ñ νpA n q as m Ñ 8.
Hence there exists M such that, for every n P t1, . . . , N 0 u, νpg m A n X A n q νpA n q P Proof of Theorem 1.1, Part 2. Let C be the family of sets A P σpF q for which there exists an increasing sequence pA i q iě1 Ă σpF q such that µpA i q ă 8 for every i and (1) either A " Ť i A i or A c " Ť i A i ; (2) for every i, µpgA i △ A i q Ñ 0 as g Ñ e.
By Lemma 2.13, F c Ă C. Let us prove that C is a σ-algebra. By definition, we have that B P C implies that B c P C. Thus, let pB n q ně1 Ă C. For every n, there exists an increasing sequence pA i,n q iě1 Ă σpF q such that B n " Ť i A i,n or B c n " Ť i A i,n , with µpA i,n q ă 8, A i,n Ă A i`1,n and µpgA i,n △ A i,n q Ñ 0 as g Ñ e for all i, n.
where C i " Ť i n"1 A i,n since pA i,n q iě1 is increasing for every n. Then µpC i q ă 8 and Lemma 2.14 implies that µpgC i △C i q Ñ 0 as g Ñ e for every i, and Ť N B N P C. Thus, assume now that there is an N such that B B P σpF c q such that ρpBq ă 8. Then, for every i ě 1, set
so that B X Ω " Ů i B i , and thus ρpBq " ř i ρpB i q ă 8. Then ρpgBq ě ρpgpB X Ωqq " ÿ i ρpgB i q.
For fixed i, let ph piq n q ně1 Ă D be such that h piq n Ñ gg i as n Ñ 8. Then ρpgB i q ě ρpgB i X h piq n g´1 i B i q for every n, and ρpgB i X h piq n g´1 i B i q " µpgB i X h piq n g´1 i B i q Ñ µpgB i q " µpB i q as n Ñ 8, hence ρpgBq ě ř i ρpgB i q " ř i ρpB i q " ρpBq. We also get ρpBq ď ρpgBq ď ρpg´1gBq " ρpBq.
The proof of Theorem 1.1 is now complete.R eferences
